Final Exam: Complex Analysis
Taishan College, Shandong University

Instructions: This is a closed book, closed notes exam! Show all details in
your proof in English. You have two hours to complete this test. Good luck!
—— 14:00-16:00, Jan. 5, 2017. G.H.J.
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1.(10 points) Suppose the function f: D — C is holomorphic. Show that
2[f'(0)| < d, where d = sup, yep | f(2) — f(w)].
2.(40 points) (1), Evaluate the following integrals

1 * xsinzx > (log )2
———dz; ———d 0); dx.
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(2), Find the number of zeros, counting multiplicities, of the polynomial
25 4+ 23 4+ 522 + 2 in the annulus 1 < |z| < 2.
(3), Find a one-to-one conformal map of the semidisc

N={2€C:82>0, |z—1/2|<1/2}
onto the upper half-plane H.
(4), Find the Hadamard products for the function f(z) = cosmz.

3.(20 points) (1), State the Schwartz lemma.
(2), Let f(z) be holomorphic in D and |f(2)| < 1 for all z € D.

Prove that
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4.(15 points) (1), Prove that s > 0
__5 {z}
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where {z} is the fractional part of .

(2), Compute the values of Res;—1((s) and ¢(0).

5.(10 points) The total number of poles of an elliptic function in the funda-
mental parallelogram is at least two.




