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2. Suppose (X, d) is a compact metric space and f: X — X is a map

so that d(f(z), f(y)) = d(z,y) for all z, y in X. Show that f is an onto
map.

5. Let K(z,y) € C([0,1] x [0,1]). For all f € C]0,1], the space of
continuous functions on [0, 1], define a function
1
Tf@) = [ Ko@)y
0

Prove that T'f € C([0,1]). Moreover Q = {T'f| || f||sup < 1} is precom-
pact in C'([0, 1]), i.e. every sequence in €2 has a converging subsequence,
here || f||sup = sup{[f()||z € [0,1]}.
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Let T' : Cg[0,1] — E be the bounded linear transformation defined
by

1= [ s
(a) Show that [T < 1.
(b) If g € Cg[0,1] is defined by g(z) = 1 for all z € [0,1], find |T'(g)|
and hence find ||T)).
4,
Let T : £ — 2 be the bounded linear transformation defined by

T{I1,I21 g, Lgy.. } = |:"D, 41‘1,.1!21 4.1!3,3.11 ‘e :]

Find the norm of T. and

Find T=.

Hence find ||77|| and compare this with ||T7)|%.
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BT = aula), (500 = of u(x)dyou € Clo11. K I TI.ESI .
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iﬁ T”J" = (-Tlr“‘f-tn'lﬂ+'")1m“ T E L(Ii)vj'k || Tn ” -

TCVE: REEL, W EH A

2L WY HWTFTELX,Y), 8% | T XELLE® | T2 || €H
BEARREH FHR, A FESRER T (WM dmX < oo, BARTIHER), #
FHMRERERBAM. Kt TERFATE, XS TARED L84 R
5 ATE BB TR R TR SR A M PR B R E S R, i
H AR IR, R R PR A el e

(A FIRC AR R, AR 2.1.3,2.2.1 ~ 2.2.4, LB F &K
3.5.7(),3.6.2 F BXELEFEZ R FPAERE  HIEHRABM.

(B} B3 @HEMCNMTRFEHST . Yo € X3 | T ll B 4R eE¥E
BT | T | <Rl 2 | VATHER | T = k. HIEXX—HN,THUTH
EZ—

() EBOEYM xg € X 2! =1, Txo b = &, W01£2.1.352.7.7
¢m%mmﬂ—ﬁﬁiﬁﬂﬁHTH:$35W&Hw#@%@ﬁﬁmﬁﬁ
PR

(i) Vo< k kB, € X, |2l =1, T, | 2o, t0feffE2.2.2.2
i P AT 4R .

(i) HB x, € X0 ||z, [ = LIml Tz, | 22 £.2.2.9 ZiEBP AR

RREER], L E RO E | T =+ B2 THEH. TIXELEE
LAY Bk EETR WA, AR | T, LR R REEN RS,
0, % F2.2.2G0) PRTRMIE T A € L), REAYRE | All, dshdis
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% X, Y ANBanach%¥ 8], T, € L(X,Y). iE W LA K i 88 B A 254
(1), {1 Twll} A7

(i), {||Tnz|} #HfEx € X G 7

(iii), {|f(Tnzx)|}4HFz € X, f € X'{7 7.
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Suppose that X is a Banach space, Y is a normed space and T' € B(X,Y). If
there exists a > 0 such that ||Tz|| > a||z| for all z € X, then Im(T') is closed.
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6.16 Let T € B({?) be defined by
T(xy, 20, 23,24,...) = (21, —T2, 23, —T4,...).

(a) Show that 1 and —1 are eigenvalues of T" with eigenvectors
(1,0,0,...) and (0,1,0,0,...) respectively.

(b) Find T? and hence show that o(T") = {—1,1}.
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6. '& T:ll - l',T(.ﬁ ,Iz,"') = (ngl s 3 p"')aﬁqﬁ ap(T) = @s
o(T) = la: 1A I< 1)
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B 1) = | (e, s € Cla.b], R o(T).
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B Tflz) = zf({x),. f € C[0,1], R e(T) 5 g, (T).

Yy, V

I SRIEER, T T aimst e @S2 B AT e v
BEREERE T AR T € LX) Bk o(T), ATIELITAE.
(i) HEREBWE r,(T) =0, M o(T) = 0}, RIFERELE.
(W{ERAICC,yvE X, R TE
Ar —Tr = v

M E. ZEUEAFERAE -8 x,, H x; aJ ey xr, = Aw.A, ©

LX), MA€ p(T), HMA € 5(T).
(iii) HAEN vy € X HBAzr — Tr = y LB, M = € o(T).
(iv) EF B Az = Te HIEFHE 2, WA € o,(T).
REBAKFEL BT EESENR Ac = T, REHEEEMWN

HEHEFF R .
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7.11 Let ‘H be an infinite-dimensional Hilbert space and let {e,}, {f.},
be orthonormal sequences in H. Let {a.} be a sequence in C and
define a linear operator T : 'H — ‘H by

Tr = Z ﬂ'ﬂ,(:r': “—?ﬂ)fn-
n=1

Show that:

(a) T is bounded if and only if the sequence {a,, } is bounded;
(b) T is compact if and only if lim,, .. o, = 0;

(¢) T is Hilbert—Schmidt if and only if >~ , |a.|? < oo;

(d) T has finite rank if and only if there exists N € N such that
a, =0forn=N.

It follows that each of these classes of operators is strictly contained
in the preceding class. In particular, not all compact operators are

Hilbert—Schmidt.



