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Recall the GL; theory. Tate did the following.

(1) For Grossencharacter x = [], xv, where x, is unramified for almost all v, the corre-
sponding L-function is

L(s,x) = [ (s, x0)-
v
(2) The local zeta function Z(s, f,, Xv) has analytic continuation, i.e.

Z(l — SvﬁHX;l)
Z(Svavxl))

where (s, xv, %) is independent the choice of f,.
(3) The local L function satisfies

= 5(8, Xv, Yv)>

PR |
’}/(8, Xva¢v) = 5(57Xv7¢v)m’

and
L(S7XU) = P(S’fvaxv)Z(S’fvaxv)v

where P(s, fy, Xv) is non-zero.
(4) The global zeta function satisfies

Z(s, fox) = Z(1 =5, F,x7),
and the global L function has functional equation
L(1—sx7")

L(s, x)

Following Tate, Jacquet-Langlands succeeded in replacing Grossencharacter x = [], xv by
automorphic cuspidal representation m = ), 7,. Indeed, they did this as follows.

1 =¢(s,x)

(1) Form an automorphic representation 7 = @), 7.
(2) Let W, be a Whittaker function of GLa(F,). The local zeta function Z(s, W,, g,) con-
verges in some half-plane, and

Z(1—s,Wy,wgy)
Z(Sa ngv)

has analytic continuation to all of s, where w = (_01 (]j>
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(3) Construct the local L-function associated to m,, and show that
Z(1— s, Wy,wgy) L(1 — 5,95 m,)
Z6Weg) T Lm0
where £,(s) is independent of W,,. Moreover, they proved
Z(g, W, 5)
L(s,my)
is almost entire. In fact, by choosing some W for unramified v, they did show
L(s,my) = Z(s, W2, 1).
(4) The global zeta function satisfies
Z(s,W.g) = [[ 2(s. Wu, 90) = Z(1 — 5, W, wy).
v

(5) According to (4), they proved that 7 = ), 7, is an automorphic cuspidal representation,
i.e. an irreducible unitary representation occurring in L2(ZyGr\Ga, 1), if and only if
its L function satisfies a simple analytic continuation and functional equation, i.e.

L(s,m) = [[ L(s, m) = e(s)L(1 — 5,9~ " x ),

where (s) =[], €u(s).

The hardest part of Jacquet-Langlands theory is to construct automorphic representation .
It is generally non-trivial to write m as tensor product of m, over all v, where m, is infinite
dimensional representation of GLo(F,) = GL2(Q,). In order to do this, we need to classify all
the irreducible representation of Gg, = GL2(Qy).

1. Representations For Local Case

Case: Archimedean.
For G = GL3(R) = G and K = O(2,R), denote U(g) as the universal enveloping algebra of

Lie algebra g of G. Let
1 0
A(g) =Ulg) P <0 _1> Ulg).

We consider J#(g) instead of U(g) because K = O(2,R) is not connected.
For V be a C-vector space, a representation m : (g) — GL(V) is called “nice”, if the
restriction of 7w to Lie algebra of K., has form

!
@ ‘Lie(Koo) = @U,
g

where o is finite dimensional irreducible representation of Lie(K ) with multiplicity | < co. By
describing all possible irreducible “nice” representations of .#°(g), Harish-Chandra showed that
representations which are “nice” and irreducible are a sub-set of the following space.

Let H (1, p2) be the space of functions ¢(g) on GL2(R) which are right K-finite and satisfy

2

©(g)-

@ <<t01 :2> g> = p(t1) pa(t2) 2
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Here p; and p9 are characters (not necessarily unitary) of R*, given by

pi(t) =sgn(@) [t po(t) = sgn(t)?[t]*
where €1, €2 € {0,1} and satisfy
€1 + €2 = e mod 2.
It is easy to check that H(u1, u2) has a basis of functions {¢, }n=c mod 2 given by

1
2 e ([t cosf sinf
€ ’ for g = (0 t2> (— sin@ cosf) -

Let (1, u2) be the representation of G acting on H (1, 12) by right translation. We have

enlg) = i (b)ua(t) ﬁ

Theorem 8.1. Below are the infinite dimensional irreducible nice representations of G =
GLy(R).
(1) (w1, p2) is irreducible nice representation, if
papy ' (t) # [tPsgn(t)S,  for some p € Z.

(2) If papsy t(t) = [t|Psgn(t)e, for some 0 < p € Z and p = e mod 2, then w(u1, ug) is not
wrreducible. However, it contains exactly one irreducible sub-representation generated by
functions

{ 7907p73390*p*15g0p+1590p+37'”}’ (81)

(3) Duality, if pips *(t) = |t|Psgn(t)e, for some 0 > p € Z and p = e mod 2, then (1, pa)
contains exactly one irreducible quotient representation generated by functions in (8.1).

Case: Non-Archimedean.

For p < oo, denote G = GL2(Qp). We know K = GLy(Z,) is a maximal compact open
subgroup. Let B = NA, where

v {5 D) reat. a={(h Dweql.

Analogy to the case GL2(R), a representation 7 of GL2(Q)) is called “nice”, if

Q ‘Lie(K) = @0l7

where o is an irreducible representation of Lie(K) with multiplicity [ < co. Similarly, H (p1, p2)
is defined as the space generated by locally constant functions ¢ which satisfy

NI

oL

@ <(t01 ;;) g) — (b aa(te) |

5 ©(9),

p

where 1 and p2 are quasi-characters of Q.. Denote 7(u1, p12) as the representation of G acting
on H(pq,p2) through right translation.

Theorem 8.2 (Jacquet-Langlands). We have

(1) (1, pa) is irreducible and nice unless pypy *(t) = |t| or |t|™1. In this case, it is called
a principle series representation.
(2) If papy ' (t) = ||, m(p1, p2) contains exactly one co-dimensional one sub-representation,
called a special representation.
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(3) Duality, if pipy ' (t) = |t|=Y, m(u1, p2) contains exactly one quotient-representation.

The above theorem explains that some of the irreducible nice representations are induced
from the irreducible one dimensional representations of subgroup B. In fact, there exist other
irreducible “nice” representations which are not accounted for by the induced representations.

Definition 8.3. Suppose (7, V) is an irreducible nice representation of G. Denote
V(r,N)={veV: / m(n)vdn = 0, for some open compact subgroup U of N}.
U

7 is called supercuspidal if V (7, N) = V.

Proposition 8.4. Supercuspidal representations do exist. All the irreducible nice representa-
tions of G can be classified as principle, special and supercuspidal.

Now we have the classification of all infinite dimensional irreducible “nice” representations of
GL3(Qp). Recall the Grossencharacter ¢ = [[, 1y, where v, is unramified for all but finite many
v. Analogy to GL; theory, we need to define “unramified” for the irreducible nice representation

of GLQ (Qp) .

Definition 8.5. An irreducible nice representation 7 of G is called class 1 or spherical if its
restriction to K contains the identity representation at least one.

Theorem 8.6. An irreducible nice representation © of G is class 1 if and only if m = w(p1, p2)
is principle, and p; are unramified characters of Q;. In this case the identity representation is
contained exactly once in .

Next, we need to consider the relation between irreducible “nice” representation and irre-
ducible unitary representation of G. We omit details here, but give the result in the following
theorem.

Theorem 8.7. The only unitary representations which are irreducible and “nice” are

(1) The principle series with 1 and pa unitary, called continuous series.

(2) The principle series with pipy ' (t) = |t|*, where —1 < s < 1, called complementary
series.

(3) The special representation m is unitary, if the restriction of m to the center of G is
unitary.

(4) The supercuspidal representation 7 is unitary, if the restriction of m to the center of G
18 unitary.

2. Representations For Global Case.

Now we define the representation 7 of G4 as tensor product of m, for all p < oo by the
following steps.

(1) For every p, we give an irreducible nice representation 7,, where m, is class one for almost
every p.

(2) For m, of class one, we choose 52 as a function which generates the 1-dimensional trivial
subspaces of K.

(3) Let Sp be the set of places containing Archimedean places and places corresponding to

non-class one representations. Then |Sp| is finite.
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(4)

For any S D Sy, set Hg = ®peS H,. For each S’ O S, we have the map from Hg to Hg/
defined by

E=Ex(Q) &)
peS\S
It implies that we have a directed system {Hg, S} and can take the inductive limit

H =lim Hg :@Hp,
8 P

where if £ = () € Q, Hp, & = §2 for all but finite many p.
Replacing H by its Hilbert completion space, we can define the unitary representation
T = ®p mp of Gy as following. For g = (g,) € Ga, gp € K, for almost all p. Since

™= ®p 7p where 7, is class one for almost all p. Given any £ = (§,), £ = 52 for almost
all p, we define

m(g9)§ = ® 7p(9p)Eps
p

It is easy to check that ﬁp(gp)gg = 52 for almost all p.



