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1, y²¼êf(z) = Rez??ëY
??Ø��.
2, y²¼êf(z) = x3 − iy3=3�:k�ê, l
??Ø)Û.
3, �	¼ê

f(z) =

{
|z|(1 + i), xy 6= 0;

0, xy = 0

3�:(0,0) �êux, uy, vx, vy´Ä�3? ´Ä÷vC −R�§? ¼êf(z)´ Ä3
�:��?

4, ��¼êf(z) = x3 − y3 + 2x2y2i���5Ú)Û5.

�

5, e¼êf(z)3«�DS)Û, �÷ve�^���: (1), Ref(z)3DSð�~
ê; (2), Imf(z)3DSð�~ê; (3), |f(z)|3DSð�~ê. Kf(z)3DSð�~
ê.

6,e¼êf(z) = u(x, y)+ iv(x, y)3«�DS)Û,�÷vu = v2,Kf(z)3DS
ð�~ê.

7, 34�Ief(z) = u(r, θ) + iv(r, θ), Ù¥z = reiθ, KC −R�§�

u′r =
1

r
v′θ, v′r = −1

r
u′θ,

�k

f ′(z) =
r

z
(u′r + iv′r).

�

8, ¦�: e3+i, sin i, cos(2 + i).

9, ¦�¿�ÑÙÌ�: Lni,Ln(2− 3i), 2i, ii, (1 + i)
1
4 , (1 + i)

i
4 , (−1)2i.

10, (½ zz �¢ÜÚJÜ, Ù¥z = x+ iy.

�

11, O�È© ∫
C

Re(z2) dz,

Ù¥È©´»C��:�:i���ã, 2k:i�:1 + i���ã.
12, O�È© ∫

C
|z − 1| |dz|,

Ù¥È©´»C : eit, 0 ≤ t ≤ 2π.
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13, O�e�È©: ∫
|z|=r

ln(1 + z)dz, (0 < r < 1);∫ iπ

0
cos zdz;∫

|z|= 1
6

1

z(3z + 1)
dz.

14, �­�C : |z| = 1, y ≥ 0. ¦È©∫ 1

−1

dz

z
, Ù¥È©´»�C.

� �	g�K, �Ø���:
15, 444888@@@½½½nnn: eFn ⊂ C, n = 1, 2, · · ·�Ã¡�k.48, � F1 ⊃ F2 ⊃

· · · ⊃ Fn ⊃ · · · , limn→∞ d(Fn) = 0, Ù¥d(Fn) = sup{|z1 − z2|, ∀z1, z2 ∈ Fn}. K
�3���:z0 ∈ Fn, n = 1, 2, · · · .

16, ¢¢¢êêê888������555���ÄÄÄ���½½½nnn: y²e�·K�p�d
¶, (.½n: �S���ê8, eSkþ., K7kþ(..
·, üNk.ê�7Âñ.
¸, «m@½n.
¹, à:½n: ¢ê¶þ�?¿k.Ã�:87kà:.
º, k�CX½n: 4«m�mCX7�3k�fCX.
», �ÜÂñ½n: ê�{an}∞n=1Âñ�¿�^�´: ∀ε > 0,∃N > 0, s.t.
� n,m > N�, k|an − am| < ε.

17, O�È©
¬ ∫

|z|=2

dz

(z − 1)3(z − 3)3
;

­ ∫
|z|=1

(
z +

1

z

)3

dz;

® ∫
|z|= 3

2

dz

(z2 + 1)(z2 + 4)
;

¯ ∫
|z|=1

(
z +

1

z

)2n dz

z
;

°�â¯y²: ∫ 2π

0
cos2n θdθ = 2π

(2n− 1)!!

(2n)!!
.

18, �

f(z) =

∫
|ζ|=3

3ζ2 + 7ζ + 1

ζ − z
dζ,
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¦f ′(1 + i)��.
19, �3|z| < 1þf(z))Û, �|f(z)| < 1, K|f ′(0)| ≤ 1, ¿�ÑÛ��Ò¤á.
20, �3|z| < 1þf(z))Û, �|f(z)| ≤ 1

1−|z| , K

|f (n)(0)| ≤ (n+ 1)!

(
1 +

1

n

)n
.

21, �f(z) = u+ iv�)Û¼ê, K(
∂|f(z)|
∂x

)2

+

(
∂|f(z)|
∂y

)2

= |f ′(z)|2,

(
∂2

∂x2
+

∂2

∂y2

)
|f(z)|2 = 4|f ′(z)|2.

22, �f(z)���¼ê. y²é?¿�z ∈ C, ÷ve�^���: (1), <f(z) >
0; (2), <f(z) k.; (3), ∃c > 0, s.t. |f(z)| > c, Kf(z)�~ê¼ê.

23, �f(z)��¼ê�|f(z)| = O(|z|n), z →∞. Kf(z)´�gê≤ n�õ�ª.
24, (Generalized Schwartz Lemma) �¼êf(z)3�S|z| < r)Û, �|f(z)| ≤

M,f(0) = 0, K

|f(z)| ≤ M

r
|z|, |f ′(0)| ≤ M

r
,

Ù¥�Ò��=�f(z) = M
r e

iθz, ∀ θ ∈ R�¤á.

25, �¼êf(z)3ü �|z| < 1S)Û, �|f(z)| < 1, K3ü �Sðk
(i), ∣∣∣∣∣ f(z1)− f(z2)

1− f(z1)f(z2)

∣∣∣∣∣ ≤
∣∣∣∣ z1 − z21− z1z2

∣∣∣∣ ;
(ii), (Schwartz-Pick Lemma)

|f ′(z)| ≤ 1− |f(z)|2

1− |z|2
.

� �	g�K, �Ø���:
26, (S.T. Yau College Student Mathematics Contests 2010)
Let f(z) be holomorphic in D : |z| < 1 and |f(z)| ≤ 1 for all z ∈ D. Prove that

|f(0)| − |z|
1 + |f(0)||z|

≤ |f(z)| ≤ |f(0)|+ |z|
1− |f(0)||z|

, z ∈ D.

Remark: In fact, we have a stronger result

|f(0)| − |z|
1− |f(0)||z|

≤ |f(z)| ≤ |f(0)|+ |z|
1 + |f(0)||z|

, z ∈ D.

27, (S.T. Yau College Student Mathematics Contests 2010)
For any finite complex value a, prove that

1

2π

∫ 2π

0
log |a− eiθ|dθ = max{log |a|, 0}.
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28, �f(z)3ü �S�X, �f(0) = 0, <f(z) ≤ A(A > 0), K3ü �S

f(z) ≤ 2A
|z|

1− |z|
.

29, (1), ef(z)3|z − a| < RS)Û, Ké0 < r < R, k

f ′(a) =
1

πr

∫ 2π

0
<{f(a+ reiθ)}e−iθdθ.

(2), ef(z)3|z − a| < RS)Û, �|<f(z)| ≤M , K |f ′(a)| ≤ 2M/R.

30, �f(z)�Ä�Xê�1�EXêngõ�ª. y²:

max
|z|≤1

|f(z)| ≥ 1.

31, (¢ê�?êDirichlet�O{ÚAbel�O{�í2)�Eê�{an}Ú{bn}÷
v^�: ¬ {Sn}k.,Ù¥ Sn =

∑n
k=1 ak; ­ limn→∞ bn = 0; ®

∑∞
n=1 |bn−bn−1| <

+∞, K?ê
∑∞

n=1 anbnÂñ.
32, (��?êCauchy�O{�í2)�

∑∞
n=1 zn�Eê�?ê, �

lim
n→∞

n
√
|zn| = ρ,

K ¬, eρ < 1, K?êýéÂñ; ­, eρ > 1, K?êuÑ.
33, �?ê

∑∞
n=1 fn(z)���3­�CþëY, �3Cþ��Âñu f(z), K

÷C�±Å�È©, = ∫
C
f(z)dz =

∞∑
n=1

∫
C
fn(z)dz.

34, (Weierstrass1�½n)�D ⊂ C�k.«�, Ù>.�∂D. efn(z)(n =
1, 2, · · · )3DS)Û, 3 D = D + ∂DþëY, �¼ê�?ê

∑
fn(z)3∂Dþ��

Âñ, K3D þ��Âñ.
35, ¦�?ê

∞∑
n=0

(n+ 1)(z − 3)n+1

�Âñ�», Âñ�±9Ú¼ê.
36,Á^ØÓ��{r¼ê

f(z) =
1

(z + 2)2

Ð¤z − 1��?ê, ¿�ÑÙÂñ�»ÚÂñ�.

37,Á¯UÄ�E�3�:)Û�¼êf(z),��z = 1, 1/2, 1/3, 1/4, 1/5, 1/6, · · ·�,
¼ê� �g�1/2, 1/2, 1/4, 1/4, 1/6, 1/6, · · · .

38, �3|z| < RS)Û�¼êf(z)kTaylorÐª

f(z) = a0 + a1z + a2z
2 + · · ·+ anz

n + · · · .

Áy²e��(Ø:
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¬, �0 ≤ r < R�, k

1

2π

∫ 2π

0
|f(reiθ)|2dθ =

∞∑
n=0

|an|2r2n.

­, �0 ≤ r < R�, k

1

π

∫ r

0

∫ 2π

0
|f ′(reiθ)|2rdrdθ =

∞∑
n=0

n|an|2r2n.

®, e�¬ªr = 1, Kk

1

π

x

x2+y2≤1

|f(z)|2dxdy =

∞∑
n=0

|an|2

n+ 1
.

¯,�0 ≤ r < R�,-M(r) = sup|z|=r |f(z)|. e f(z)��~ê¼ê,KM(r)�

î�4O¼ê, �k

|f(0)|2 ≤
∞∑
n=0

|an|2r2n ≤M2(r),

¤á.
°, � f(z)3|z| < RSk.�M , Kk

∞∑
n=0

|an|2R2n ≤M2.

39, ¬ 30 < |a| < |z| < |b|, ò¼ê
1

(z − a)(z − b)

Ð¤Laurent?ê.
­ 31/2 < |z| < 2Sò¼ê

3z

(2− z)(2z − 1)

Ð¤Laurent?ê.
40, ��~ê¼êf(z)30 < |z − a| < RS)Û, e<f(z)3d�%�Sk.,

Ka�f(z)���Û:.
41, �

f(z) =
z + 1

z2(z − 1)
.

¬, ¼êk=
�áÛ:? áuÛ«a.?
­, ¦Ñ¼ê©O30 < |z| < 1Ú|z| > 1S�LaurentÐª.

42 �½e�¼ê�k�Û:�a., e�4:¿¦4:��

(1),
z − 1

z(z2 + 4)
; (2),

1

ez − 1
; (3),

1− cos z

z2
.
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43, �

f(z) =
2z3 + 1

z(z + 1)
.

3m�0 < |z| < 1Ú|z| > 1¥©Oò f(z)Ð¤z��Laurent?ê.
44 e¼êf(z)30 < |z − a| < RS)Û, �

lim
z→a

(z − a)f(z) = 0.

y²: a´¼êf(z)���Û:.
45 ¦e�¼ê3�½:�3ê

¬ z
(z−1)(z+1)2

3z = 1,−1; ­ 1−e2z
z4
3z = 0; ® e

1
z−13z = 1.

46 |^3ê½nO�EÈ©∫
|z|=1

dz

z3(z2 − 2)
,

∫
|z|=2

dz

(z + i)10(z − 1)(z − 3)
.

� �	g�K, �Ø���:
47, Show that:

1

2πi

∫ σ+i∞

σ−i∞

xs

s
ds =


0, if 0 < x < 1;
1
2 , if x = 1;
1, if x > 1.

48, (Perron Formula) Let

f(s) =

∞∑
n=1

an
ns

be Dirichlet series absolutely convergent in <s > σ − ε. Show that if x is not an
integer, then ∑

n≤x
an =

1

2πi

∫ σ+i∞

σ−i∞
f(s)

xs

s
ds.

49, ¦�§z4 − 8z + 10 = 03�|z| < 1Ú��1 < |z| < 3S����ê.
50, ¦e��§3�|z| < 1S����ê.

(1), z7 − 4z3 + z − 1 = 0, (2), 2z5 − z3 + z2 − 2z + 8 = 0.

51, � f(z)3|z| ≤ 1þ)Û, �k|f(z)| < 1. y²: f(z)3�|z| < 1Sk���
ØÄ:, = f(z)− z3�|z| < 1Sk�=k��ü":.

Evaluation of Integrals: Applications of residues
52,
Type I: ∫ 2π

0

dx

a+ b cosx
=

2π√
a2 − b2

(a > b > 0);
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∫ 2π

0

cos θdθ

2 + cos θ
= 2π(1− 2√

3
)∫ π

−π

dx

1 + sin2 x
=
√

2π∫ π

0
sin2n xdx =

(2n)!

4n(n!)2

Type II: ∫ ∞
0

x2

x6 + 1
dx = π/6∫ ∞

0

1

x4 + 1
dx = π/2

√
2∫ ∞

0

x2

(x2 + 1)(x2 + 4)
dx = π/6∫ ∞

0

x2

(x2 + 9)(x2 + 4)2
dx = π/200∫ ∞

∞

x

(x2 + 2x+ 2)(x2 + 4)
dx = −π/10∫ ∞

0

1

x3 + 1
dx =

2π

3
√

3
Type III: ∫ ∞

−∞

cos 3x

(x2 + 1)2
dx = 2π/e3∫ ∞

0

x sin 2x

x2 + 3
dx = π/(2 exp(2

√
3))∫ ∞

−∞

sin2 x

x2 + 1
= π(1− 1/e2)/2∫ ∞

0

sin2 x

x2
dx = π/2

Type IV: ∫ ∞
0

xp

(x+ 1)2
dx = pπ/ sin pπ(−1 < p < 1)∫ ∞

0

(log x)2

x2 + 1
dx = π3/8;

∫ ∞
0

log x

x2 + 1
dx = 0∫ ∞

0

lnx

(x2 + 4)2
dx = π(ln 2− 1)/32{
c

DDD
ABB

}
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