Differential Geometry, Fall 2014
School of Mathematics, Shandong University
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1.(15 points) (1), Find the curvature and torsion of «(t) = (cost,sint, 3t).
(2), Suppose 7 is an arc length parametrized curve with the property
that

V()] < [v(s0)| = R
for all s sufficiently close to so. Prove that the curvature k(sg) > %.

2.(10 points) Suppose x is a coordinate patch such that g;; = 1 and
g12 = 0. Prove that the ul-curve are geodesic.

3.(20 points) Let Xy be the tangential component of the normal
vector N of a unit speed curve v on a surface M. Let n be the unit
normal vector to a coordinate patch in M

(1), Prove that Xy = N — (N,n)n and Xy is a vector field along ~.

(2), Prove that the following are equivalent:

(i), Xy =0; (ii), v is a geodesic; (iii), Xy is parallel along ~.

4.(20 points) (1), State the local Gauss-Bonnet formula.

(2), Let x(u,v) = (cosucosv,cosusinv,sinu) be the unit sphere. Let
R be the region bounded by the meridians v = 0, 5 and the circles of
latitude v = 0,%. Checking the local Guass-Bonnet formula for the
region R.

5.(30 points) Consider the Torus T parametrized by x : [0,27]? — R3
with
x(u,v) = ((a + cosu) cosv, (a4 cosu) sinwv,sinu) , a > 1.

(1), Compute the first and second fundamental forms.
(2), Compute the Gaussian curvature K and the mean curvature H.

(3), Find the elliptic, hyperbolic and parabolic points.
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(4), Checking the global Gauss-Bonnet formula for the torus 7T

[[ Kda = 2mx().

(5), Show that the Willmore inequality:

ﬂ H2dA > 272,
T
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