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� 111���ÙÙÙ: 888ÜÜÜ

♠ 2011/02/21

1, y²:
A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C);

(∪λ∈ΛAλ)\B = ∪λ∈Λ(Aλ\B).

2,�A2n−1 = [−1− 1
n , 0], A2n = [0, 1+ 1

n ], n = 1, 2, 3, · · · ,¦ lim supAn, lim infAn.

3, �{An}���8Ü, �B1 = A1, Bn = An\(∪n−1
k=1Ak), n > 1. y²: BnpØ

��, �∪nk=1Bk = ∪nk=1Ak, 1 ≤ n ≤ ∞.
4,

lim
n→∞

An ∪ lim
n→∞

Bn ⊂ lim
n→∞

(An ∪Bn) ⊂ lim
n→∞

An ∪ lim
n→∞

Bn

⊂ lim
n→∞

(An ∪Bn) = lim
n→∞

An ∪ lim
n→∞

Bn.

♠ 2011/02/24

5, f : X → Y ´N�, ∀B ⊂ Y : f(f−1(B)) ⊆ B. �Ò��=�f´÷�.

♠ 2011/02/28

6, e∪∞n=1An�Äê�c, K�3k, ¦�Ak�Äê�c.

7, e{fn(x)}�½Â3Rþ���¼ê. y²

{x| lim
n→∞

fn(x) = +∞} = ∩∞k=1 ∪∞N=1 ∩∞n=N{x|fn(x) > k}.

8, � f ´ Rþ�üN¼ê, K f�õk�ê�mä:.

� 111���ÙÙÙ: :::888

♠ 2011/03/03

9, -E�[0, 1]¥�¤kkn:8Ü, ¦E′, Eo, E, ∂E.

♠ 2011/03/07

10, y²: ∂E = E \ Eo.
11, eA ∩B = ∅, KA ∩Bo = ∅.
12, Rn?�:8��á:��õ�ê�.

♠ 2011/03/10

13, 48@½n:e{En}´���k.48�4~S�, K
⋂∞
n=1En 6= ∅. Á�

Ñ½n^�:k.Ú48"�Ø�, =Þ~k.�4~Ã¡m8S�, �8��; Ã
.�4~�48S��8��8.
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♠ 2011/03/14

14, �∅ 6= E ⊂ Rn, K ∀x, y ∈ Rn, k
ρ(x,E) ≤ ρ(x, y) + ρ(y,E).

15, e8ÜE′�ê, KE�ê.

16, y²Rn¥�?Ûm8Ñ�L��ê�m«m�¿.

� 111nnnÙÙÙ: LebesgueÿÿÿÝÝÝ

♠ 2011/03/24

17, � m∗(E) = 0, éu?¿�:8F , k m∗(E ∪ F ) = m∗(F ).

18, 3��4«m[a, b]þUÄ��ÿÝ�b− a, �qØÓu[a, b]�48?

20, eE��ê8, K mE = 0; ��, éí?

♠ 2011/03/31

21, � I = [0, 1]× [0, 1] ⊂ R2. -

E = {(x, y) ∈ I| sinx < 1/2, cos(x+ y)´Ãnê},
¦mE��.

22, e En ⊂ [0, 1],mEn = 1, ∀n ≥ 1, K

m

( ∞⋃
n=1

En

)
= m

( ∞⋂
n=1

En

)
= 1.

23, e Ek ⊂ [0, 1], k = 1, 2, ..., n,�n��ÿ8, �
n∑
k=1

mEk > n− 1, K

m

(
n⋂
k=1

Ek

)
> 0.

� 111oooÙÙÙ: ���ÿÿÿ¼¼¼êêê

24,� {fn(x)}∞n=1 (�)ÿÝÂñu f(x),�k fn(x) ≤ fn+1(x)é?¿�n, a.e.
¤á, K fn(x) a.e. Âñu f(x).

25, y² Erogov ½n�_½n¤á, =: � {fn(x)}∞n=1 � E þA�??k
���ÿ¼ê, f(x) � E þ�¼ê. e ∀δ > 0 ð�3�ÿf8 e ⊂ E, ¦�
me < δ � fn(x) 3 E \ e þ��Âñu f(x). Kk fn(x) 3 E þ a.e. Âñu
f(x), � f(x) ´ E þ� a.e. k���ÿ¼ê.

26, � f(x), {fn(x)}∞n=1 � E þ� a.e. k���ÿ¼ê. ek (1), mE < ∞,
(2), lim

n→∞
fn(x) = f(x) a.e. u E. y²:

(i), ?� ε > 0, �38Ü e ⊂ E, ±9�ê M , ÷v m(e) < ε, �k |f(x)| ≤
M, ∀x ∈ E \ e, = 3 E \ e þ��k..
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(ii), ÁÞ~`²3 (i) ¥(ØØUU� me = 0, =A�??ÂñíØÑA�?
?k..

(ii), ?� ε > 0, �38Ü e ⊂ E, ±9�ê M , ÷v me < ε, �k |fn(x)| ≤
M, ∀x ∈ E \ e, n = 1, 2, ....

27, Lusin_½n: � f(x) ��ÿ8 E þ�¼ê. eé?¿ δ > 0, ð�348
F ⊂ E, ¦�: (i), m∗(E \ F ) < δ, (ii), f(x) 3 F þëY, K f(x) ´ E þA�?
?k���ÿ�¼ê.

28, (Frechet½n)� f(x) ´½Â3�ÿ8 E ⊂ Rn þ� a.e. k��¼ê.
f(x)��ÿ¼ê�¿�^��3 Rn þ�ëY¼ê� {fn(x)}, ¦�

lim
n→∞

fn(x) = f(x), a.e. x ∈ E.

29, � mE <∞. K3 E þ {fn(x)} �ÿÝÂñu f(x) ¿�^�´é?¿�
f¼ê� {fni(x)}, �3 {fni(x)} �f¼ê� {fnij

(x)}, ¦�

lim
j→∞

fnij
(x) = f(x), a.e. x ∈ E.

� 111ÊÊÊÙÙÙ: ÈÈÈ©©©nnnØØØ

30, �f(x) ��ÿ8Eþ��È¼ê, K

lim
n→∞

mE[|f | ≥ n] = 0,

Ú

lim
n→∞

n(mE[|f | ≥ n]) = 0.

31, �f(x) �E = [0, 1]þ����ÿ¼ê, {En}�E��ÿf8�. ek

lim
n→∞

∫
En

f(x)dx = 0,

K m
(
lim
n→∞

En
)
= 0.

32, �fn(x) ��ÿ8Eþ��K�È¼ê�, e lim
n→∞

∫
E fn(x)dx = 0, K

fn(x)⇒ 0.

33, �fn(x)3�ÿ8Eþ�ÿ, e∫
E
|fn(x)|dx <

1

2n
,

K�3Eþ��È¼êf(x), ¦�

∞∑
n=1

fn(x) = f(x),

a.e.uE.
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34, �fn(x)3�ÿ8Eþ�K�ÿ¼ê, e fn −→ f a.e.uE�k
∫
E fn −→∫

E f Ú f ∈ L(E). y²

lim
n→∞

∫
E
|fn − f | = 0.

35, � f ∈ L(R), t > 0, y²: é a.e. x ∈ R

lim
n→∞

f(nx)

nt
= 0.

36, � E ∈ R��ÿ8, y²: é a.e. x ∈ E

lim
t→0

m(E ∩ [x− t, x+ t])

2t
= 1.

37, � f ´Eþ��ÿ¼ê, p > 0, |f |p ∈ L(E), K∫
E
|f |p dx = p

∫ ∞
0

tp−1mE[|f | > t] dt.

38,

lim
n→∞

∫
E

|fn|
1 + |fn|

= 0 ��=� fn ⇒ 0.

39, f ∈ L[a, b]. ∀ε > 0,∃g ∈ C[a, b], s.t.,∫ b

a
|f − g| < ε.

40, O�È©
∫ 1

0 f.

f(x) =

{
x−1/2, x�[0,1]þ�Ãnê;
x2, x�[0,1]þ�knê
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