EXERCISE

1. Let k be the function whose graph is

0

FIGURE 1

where 2<Y < X, X =el +e 4 X +Y =cP + 78 Let

o) = [,

a) We have

b)
h(t) < log XVX.
c) For t € R, show that
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for any 0 < a < A, where e* + e~ = X — a. Deduce that
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forl1 <t< %
d) Show that
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forany 0 <a <A, A< B< B, wheree® +e =X —q, e’ +e? =X +Y —b. Deduce
that

X
|h(t)] < W?VX
for % <t.

e) By approximating g(r) by q(%) show that for % <s<1,
1
h(t) = 2B(s — 5,3/2)X° + O(Y + VX)

where B is the Beta function (The implied constant depends on s).
f) Finally, deduce that

13 — s,
P(X) = 3 2B(s; — 5. 2w (@)X + O(X*)
2<s;<1

where P(X) :=t#{y € I' : du(yz,w) + 2 < X}, and u; is an orthonormal basis of eigenfunc-
tions

(A +s5;(1 — sj)>uj =0.



