Spectral analysisfor I'\H
Erez Lapid

§10 Spectral decomposition, hyperbolic lattice point problem(March 12, 2009)
Recall Bessel’s inequality

Dl &) < i,
j

‘H is a Hilbert space, anfkj} is the orthogonal system. In our case, we consider funciions
L2(C\H), {e;} are orthogonal eigenfunctions af
We takek = k(u(z, w)) € CZ(R > 0), k — his the Selberg transform. We define

K(z W)= > kz yw)

yel

Fix wand takeu = (z— K(z w)). If (A + 2j)¢j = 0, whered; = si(1-s)), S = 3 +it;, then

(U, @) = (K, W), ¢)) = (KUC W), @) = ht)e;(w).

Also,
[@ f Ew; %+ir)dr)|2: f Ih(r)E(w; %+ir)|2dr.

The Bessel's inequality implies
B
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We localizek, such thak = yo ¢, 6 < 1. We have

IK|? = fr \HK(Z’ w)°du(2)

fF\H Z k(u(y’z, w))k(u(yy’, w))du(2)

>, [ Mtz wiku )@ 1)

If u(z w) <6 andu(z yw) < ¢, then we have
u(w, yw) < 46(6 + 1) < 86.
Then, by polar coordinates

(01) « f #{r : u(w, yw) < 86}du(2)
{z u(zw)<6}

= vol{z: u(zw) < ¢}
= 4no.

Lemma. § < h(t) < ¢, ift < %



Proof. We have

h(t f KUz D))y*du()

- | Ydu(2).
Bs={z : u(zi)<ds}

And
uzi)<é=ly-1< Vo= ly -1 <dly-1 < %
if t < %
Thus,
| fB _y’sd,u(z) —vol(By)| < %VOI(B(;)
Hence, °
:—ZLV0|(B(;) < h(t) < 2vol(By).
O

From Bessel's inequality, we get

1
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6( Z:l luj(W)l9) + EIL [E(w; > +ir)] dr) < 6.
Itil< VB
If we taked = T_12 andT > 1, we get weak local Weyl law

2 1 T . 1 )12 2
Z uj(2I° + — |[E(w; = +ir)|7dr < T<.
tj<T 4 =T 2

]
One can take it uniformly iz, T? + TImzfor Imz > 1.
Remark. By integrating over, one gets
it < T) < t2

Corollary . If kisany point-pair invariant function, K is the automorphic kernel,
K(zw) = > h(t))u;@u;w) + 1 fm h(rE(z = inE(w; = ir)dr
ZW) = j i)Uj(Z)u; an ) 5 5 :

Suppose that
Ih(t) < H(t), teR,
where H is monotone, then

K(z,w) = Z ht;)u;(2)u;(w) + O fo W(H(t)+1)t)dt).

1_e
5<si<l

Proof. Use partial summation or integral.



Hyperboalic lattice point problem: We study
flyel’ : d(yzw) <R)} asR — oo,
wherez, w are fixed. All alternatively,
fly e u(yzw) < X)} =t P(X).
(Recall that, irR2, T’ = Z?, this is the Gauss circle probletfi(a, b) : a2+b? < R} = 7R+ O(VR)),

#H(ab): a®-b* <R} = Z 7(n) ~ area of a truncated hyperbalic

n<R
fl(ab): a*~b*=n}~7(n),
wherer(n) is the number of divisors. Our goal is to get an error term for
P(X) — 4rX,
P(X) = K(zw) fork = xp.x-

The main term should be the exceptional eigenvalues; < 1. For that, we bound fdm.
Usingk,
P(X) < K(zw) < P(X+Y),
whereY is a parameter. Recall
= k()
v Vu-v

o(r) =q(¢ +e" -2),

qv) = du,

h(t) = [M etg(r)dr.

(o)

For ourk, for any f, by partial integration we get

) 1 X+Y
fo f(Wk(u)du = v fx F(t)dt,

whereF(t) = fot f(X)dx. For

1
f=| v X209
0, otherwise

we have

F ()

. 1 X+Y
min(0, vt —v)q(v) = fo F(t)dt
- %[min(o, (X+Y =¥ —min(0, (X - v)*?)|,

gr) =q(e+ e: - 2)€ -€7),



and
—q(v) = \—1([min(0,(X+Y—v)—min(O,(X—v)]

q(0) < VY.

f e"tg(r)dr

tlZ f &g’ (r)dr.

IA

We have

h(t)

Trivially, we get
1 1
o< [ lgoer =

o 111 1 X
total variation of g'<c ;maxg/| < Vt_ZX\/_ "B
Soff of extreme ofy < 5. If I' = SL»(Z), t € R,

h(iz) = fo " k(U)du = 47(X + V).

A X
P(X) = ———X + O(Y + —
) areal\H) +O(Y+ \/y)’
Up = ;) Consequently, iff = X?/3 = O(X%?3),

vareal\H

ﬁ{( g S)ESLz(Z)Za2+b2+CZ+d2SX} = 3X + O(X*?).

For
1“:{(‘2l 3)€SL2(Z)Z a=d(2), bzc(Z)}

which is conjugate td4(2), r(n) = ﬁ{(a, b): n=a?+ bz}, we have

D rmr(n+ 1) = 4X + O(X¥2).

n<X

We consider functions oh\H, whereH = SL,(R)/K. We havel'\H = I'\SL,(R)/K and have
the following relations : functions of\H = functions on"\SL,(R)/K = left I'-invariant and right
K-invariant functions o1 = SL,(R)

Look at

C(I'\G) = {left I'-invariant functions o1&}

G acts o' \H by right translation. Therefor@ acts onC(I'\G). Takeg € G, f € C(I'\G)
[R(@) f1(x) = f(xq)
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R(g) : C(I'\G) «
R: G — Aut(C(I'\G)) is homomorphism of groups, i. eR(C(I'\G)) is a representation of
G. Consider 2(I'\G, dg), dg is Haar measureR : G — U(L*('\G)), U is the group of unitary
operators.
Main problem: Decompose Rinto irreducible representation.

C(N\G)X = (ve C(IN\G) : RKK)y, = v, Yk € K},

L2(N\H) = (L3"\G)X.

One can classify irreducible unitary representatioGof-or any irreducible representation y)
of G (i.e. no closeds-invariant subspaces &, or equivalently, no non-scalar operators which
commute withr(g), Vg € G).

VK ={ve V;r(KVv = v, Vk € K}
is at most one-dimensional.
In the case wherE is uniform (co-compact).
L%(I'\G) = &,

this is the direct sum of Irreducible representation. Tiueee

L2(M\H) = (L3\G)¥ = exf.
(M(r) < oo, wherem(r) = multiplicity of = in L>(T'\G)). A preserves the isotypic compactaf
Eigenfunction ofA «irreducible representationwhich occurs inL?(ING) s. t. 7X # 0.

dim{¢ : (A + )¢ = 0} = m(n),

Ao m.

whered = %+52, ands e RU[-4 ‘5]. This is a parametrization of irreducible unitary repras¢ion,

2’
such thatr® # 0.
Selberg’s conjecture:

A1(T(N)) > % seER,i>0.

Representation with > %1 (i. e. s€ R) have decaying matrix céigcients. If @, V) is an irreducible
admissible representation, a matric ffmgent ofz is a function of the form

matrix codficient
g (ﬂ'(g)V]_, VZ)’

a=ta(® 41 e

f|f(g)|2+€dg <oo, &>0.
G

wherev € V, and

What about other representations which occur3(\G) modular formst+ others.
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Discrete series representations: for &y 1,2,... Denoteoy is the matrix cofficient in L%(G),
we have

L2(G) = &0 EBf m1,908
seiR
(c.f. L2(R) = eafReixdx)
Denotem(o) = dimension of modular forms of weight+ 1, we have weight 1 "limit of
discrete series”.

ForI' = SL,(2), Hecke operators{T,}.cz. Recall strong approximation:

SL(A) = SLo(Q) - SLo(R) - | | SLa(Zp)

pP<oco

SLo(Q)\SLa(A) > SL(Z)\SL(®) - | [ K,

P<oco

SLy(@\SLa(A4)/ | | Kp = SLa@N\SLo(R)/K. = T(I)\H

p<eo
SL,(Q)\SL,(A)/Ky l_[ Kp(N) «— I'(N)\SL;R/K., = I(N)\H
p<oco

whereK,(N) is congruence subgroup Bf,. This is to say
SLy(Q)\SL2(A)/Ke = limI'(N)\H

C (SL2(Q)\SLa(A)) = limL? (T(N)\H)

The new problem: decomposition bf(SL,(Q)\SL,(A)).

First part: what is the continuous spectrum? Answer: ekanstruction using Eisenstein series.
What about discrete part? The analogue of Selberg congeictdine principal becomes a bound

on the Fourier transform of Maass forms.

Ramannujan-Peter sson conjecture :

lagl < 2.
The bound was proved by Delign.
Modular forms:aj, = »_, trivial bound:
p2
a, < vp.

Let

1 1
A<= +6% (S +0),
1<7 (s<5+9)

ap<p +p’
So for the best knowdi is 2.
e.g.
P(X) = Z cXsl + O(X3).

1ce
3 <Cj <1
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Kim-Shahidi : Fors < £,
T 2
P(X) = mx + O(X3).
Higher weight caseG(Q)\G(A), G is linear reductive group.
What is the decomposition into irreducible represent&ibY(5/K ring of invariant diferential
operators. what is the continuous spectrum?(Langlandsjat vé the discrete part? There is
an analogue of Ramanujan conjecture(By Arthur). Langlaodstoriality suggests a relation

between the automorphic spectruniéfG;(Q)\Gi(A)) for many pairsG;, G;) of reductive groups.



