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Application: ap* modulo one

Question

Let a e R\ Q and f € R. Are there infinitely many primes
p such that

lap®+p|<p?

Answer
Yes, if o < oy(k).
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The Weyl sum over primes

Definition
For ke N and a € R, define

fl@= Y (ogpe(aph.

N/2<p=N

Applications:
@ The distribution of « pk modulo one;
@ The Waring-Goldbach problem.

Angel V. Kumchev (Towson University) Exponential Sums Over Primes July 26-31, 2007 2157

Application: ap* modulo one

Suppose that a/q € Q is such that
a=—+—, |0|<]1. (%)

Put N = ¢*/**9 and define

RIN):= ) (logp),

pi(xx%)

where (* %) stands for the conditions
IN<p=N, |(a/qp‘+p|<in—c.
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Application: ap* modulo one

By Fourier analysis,

RN)z ). (logp)}_be(((a/qp"+B)])

3N<p=N lez
= b(0)f(0) + O(A(N) +1),
where
AN)= Y |bDI|f(allq)|;  L=N"*.
0<|llsL
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Application: Waring-Goldbach problem

Question

Let k,se N and s= k+ 1. If n is a large integer satisfying
certain “local conditions”: Does the equation

k k k _
Prtpyt - tps=n

have solutions in primes py, ps, ..., Ps?

Answer
Yes, if s= so(k).
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Application: ap* modulo one
We have

b0)f(0) =N, |b()| <

1 +1

SO
R(N) > N'7°,

provided that

l1-0-¢
max [flallg)| < N .
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Application: Waring-Goldbach problem

Question (cont.)
When s < sy(k), are there solutions for “most” n?
(Quantify “most”.)

Answer
Yes, if s = 350(k).

We study the Waring—Goldbach problem via the circle
method with f(a) as the generating function.
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The circle method The circle method

Set

Write P=N’ Q=N*P!, m=[0,1]\90,
1

Rm= )  (ogpy)-(ogpy), a a 1
pi+e+pk=n M = U U a0 A

where the primes satisfy N/2 < p; < N for some 1<q<P(1a<$<q 9 4Qq qQ

= C(k, s)n'’*. Then
We have

1
R = Se(— da.
(n) fof(a) e(—an)da R(n)z( + )f(a:)se(—a:n)da.
m m

The circle method: Major arcs The circle method: Major arcs
On 9N, we expect f(a) to be “large and predictable”: If Thus,

a=alqg+pB, Bl <(@Q7} then

‘e(—an)d
fl@) =) (ogple((al g+ p)p") fsz (@)'e(-an) da
p

V4 (S(q,a)T(B)\’
=Y "elahlq) Y (ogpe(pp) N%f—ll(q@( &) ) el~(alq+pim)dp
1<sh=q p=h (mod q) ’
. (ﬁ) . ~G(n)l(n),
~ (ah®1q) = —S(q,aT(P),
1<§Lq U b(q) = 9@ Slg TP where I(n) = N** and G(n) = 1 whenever n satisfies the
“local conditions”.
where
S(ga)=Y"elah*lq), TP = Y epm"). (G(n) Z(/)(q)‘ Z S(g, a)’e( — anl q)
1<sh=q N/2<m=sN a=1
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The circle method: Major arcs
The above procedure can be justified when
P=(logN)*  for some fixed A> 0.
This follows from the following result:

Theorem (Siegel-Walfisz)
IfA,B> 0 are fixed, 1 < g < (logN)"* and (h,q) = 1, then

N
1 =—(1+0(( -B)).
Y. (ogp) </>(q)( +0((logN) %))

p=N
p=h (mod gq)
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The circle method: Minor arcs

Then

1
f f(@)|*da = (suplf(a)”) f fl@)*" da
m 0

aem
« Nrg—é—eNZrl—kHS « Ns—k—e
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The circle method: Minor arcs

On m, we expect f(a) to be “small and random”—we
expect that

f fla)e(—an)da = o(N*5. (%)

A typical proof of (x): Find r,» €N, s=2r + 15, so that:

l) fol |f(a)|2r1 da < N2r1—k+5;

ii) sup|f(a)|? < N2797¢,
aem
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Example 1: Sums of three primes

Let k=1 and s=3. Then:
i) with =1 and NO = log N:

1 1
fo If(@Pda= ) (logp:)logp,) fo e(a(p) — p2)) da

p1,p2
=) (logp)* < NlogN.
p
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Example 1: Sums of three primes

Let k=1 and s=3. Then:

ii) with r» =1 and N® =logN:
Ifa=alq+p, |8l <qg? one has

fl@) < NlogN)* (¢~ + N5 + gn1)"?,

whence

sup|f(a)l < NlogN)* (P72 + N717).

aem

Then take P = (log N)!2.
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Example 2: Sums of squares of primes

Let k=2. Then:
i) with r; =2 and N° = (log N)®:

1

f f(@|*da =) (ogp)---logpa),

0 (%)
where () stands for the conditions

pi+p=p;+p;, NI2<p;<N. (%)
Quadruples with p; # p» contribute

<(logN)* > 1(p;-pi) < N*(logN)°.

15p1<p2§N
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Example 1: Sums of three primes

The above bounds suffice to prove the three primes
theorem.

Theorem (I.M. Vinogradov, 1937)

Every sufficiently large odd integer n is the sum of three
primes.
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Example 2: Sums of squares of primes

Let k=2. Then:

ii) with , = 1 and N¢ = (log N)*:
Ifa=alqg+p, Bl <qg? one has

fl@) < NlogN)*(g™! LN12 4 qN"Z)M,

whence

sup|f(a)l < NlogN)¢ (P~ "+ N~V8).

aem

Then take P> (logN)2, where B= B(4, ¢).
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Example 2: Sums of squares of primes

The above bounds suffice to prove the following
theorem (k=2,s=05).

Every sufficiently large integer n=5 (mod 24) is the sum
of five squares of primes.

Theorem (L.K. Hua, 1938)

When s= 3 or 4, we can deal with the major arcs, but
not with the minor arcs.
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Example 2: Sums of squares of primes

On the other hand, if n=3 (mod 24), 51 n, we have

f fa@)e(-an) da > (n/logn)'’?.
m

Thus, if such an n is not the sum of three squares of
primes, we deduce that

2

ff(a)?’e(—om)da > n(logn) ™.
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Example 2: Sums of squares of primes

However, when s = 3, Bessel’s inequality gives

)3

X<n=2X

2
Sf f(@)|®da

ff(a)3e(—an) da

1
S(suplf(a)lz)f f(@)|*da
0

aem
< N?(logN) > "N?(log N)®
< N*(log )41,
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Example 2: Sums of squares of primes

Let E(X) denote the number of integers n, X < n<2X,
such that n=3 (mod 24), 51 n, and which are not the
sum of three squares of primes. We get

2

EX) <X 'logX ) f f(@)’e(-an)da
X<n=2X|Jm

< X 'logX)N*(log N) 4! « X(log X) >/,

In other words, “almost all” admissible integers n< X
can be represented as sums of three squares of primes.
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Example 2: Sums of squares of primes

Remarks. 1. If P = N? for some fixed 8 > 0, the above
method gives

EX) < X',  y=min(}9). (E3)

2. The same technique can be applied to four squares.
When s=4 and P= N?, we obtain

E(X) < X' 72r*e, (E4)

3. When s =4, an alternative method of Wooley gives

E(X) < X1/2—y+£.
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Example 3: Biquadrates of primes
The major arcs yield a main term of order

== (N, N3N,)*N;.
On the minor arcs, we have to deal with

f|fz(a)j%,(a)ﬁ(a)|2|ﬁ(a)f5(a)|4da,

where
4
fila= ) (ogpe(ap’).
N;/2<p=N;
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Example 3: Biquadrates of primes

Let k=4 and s = 14. We modify the method slightly.
Consider

4, 4 4
pr+p,t+--tpu=n

where

pP1,.-opa~N1, Ps,pe~No, p7,ps~ Nz,
Pa, Pro ~ Ni,  Pi1y-..,P1a ~ N5,

where N; = N, = --- = Nj are “appropriately chosen” and
N1 = n1/4.
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Example 3: Biquadrates of primes

i) It can be shown that

1
[) |fi (af)fé (a)f;} (a)fz‘} (a) |2 i]% (aj) |4 da < EN—2+0.0584.

ii) It can be shown that if P= N4, then

sup |ﬁ(a)| < N31/32+€.

aem
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Example 3: Biquadrates of primes

Then, assuming P = N'/*, we get

1
[ 1R Vsl < (sup 0? [ sl

< N31/16+£ % EN—2+0.0584

< ENO.0584—1/16+£ < EN_O'O(M.

This solves the Waring—Goldbach problem for 14 fourth
powers of primes.

Remark. In this application, the method fails if the
exponent 31/32 in ii) is replaced by 34/35!
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Summary: Waring—Goldbach problem

We need three types of estimates on f(a):

A) Major arc approximations;
B) Upper bounds on the minor arcs;
C) Moment estimates.

Notes. 1. The value of N is determined by n.

2. We have f with a real argument a = a/q. However,
we cannot control g: between A) and B), we must cover
all values of g < Q (Q close to N¥).

3. The quality of the bound may be crucial.
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Summary: ap® modulo one
We need an estimate

[f(all )| < N'777¢, (%)
where a,l,geN, (a,q) =1, and [is “small”.

Notes. 1. We started with a large g and then chose N in
terms of ¢q: q is close to N¥/2,

2. We have f with a rational argument.
3. The quality of the bound (o in (%)) is crucial.
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End of Part I
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Classical Weyl sums

Definition
For ke N and a € R, define

g(a) =gla;N) = ) e(am").

m~N

Note. When k=1, this is a geometric series, so

Y e(am) <min(N, al™).
m~N

We reduce the general case to this special case.
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Classical Weyl sums

The above technique can be generalized to any k= 2.

Theorem (Weyl)
Ifk=2, a=alq+p, (a,q) =1, |6l <q?, then

ol-k

gla) < N (g '+ N '+qgNF)

Remarks. 1. The exponent 2!% is the result of k—1
squarings, which transform m”* to a linear polynomial.

2. I.M. Vinogradov’s method replaces the exponent 2!~%
by C(k*logk)~L.
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Classical Weyl sums
Let k= 2. Then

Ig@P= Y elami—-m3))= Y > elah@m+h))

my,mp |h|l<N m
<) Ze(Zahm))« Y min(N,|2ahl™)
<N m \h<N

< N (g '+ N '+gN?),

provided that a« = a/qg+ B, |8l < g °.
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Vinogradov’s double sum method

.M. Vinogradov discovered that the sum }_, F(p) can be
decomposed into a linear combination of double sums
of the form

Y Y EnniF(mk).

m~M k

We distinguish two basic types of double sums:
e Type I sums: |{,,| <1, N =1, M not too large;
@ Type Il sums: |{,,| <1, [nl <1, M of moderate size.
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Vinogradov’s double sum method

Consider a Type II sum for f(a) with k=2:
==Y Y &umre(lam®iS).

m~Mk~N/m

By Cauchy’s inequality,
2
ZP<M ) ‘ Y nke(amzkz))

m~M  k~N/m

MY Y melaté-B)nr)

m~M ky,k;

<M Y ¥ |Y ean@k+nm)|.

IN<N/Mk~NIM' m

)

g(ah(2k+h);M)
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Bounds for Weyl sums over primes

Theorem (Harman, 1981)
Letk=2,(a,q) =1, |Bl<q > Then

flalg+pB) < N"*(g '+ N2+ gN~")

Theorem (Vinogradov, 1937; Vaughan, 1977)
Letk=1, (a,q) =1, |Bl < g 2. Then

flalg+ B) < NlogN)*(g™" L N25 4 qN—l)l/.'Z.
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Vinogradov’s double sum method
Recall that

Ig(a; N)> < ) min(N,ll2ajl™").

ljI<N
This bound and Cauchy’s inequality yield
=< M Y Y |glahk+ h); M|

|h|<N/M k~N/M

<M Y Y > min(M2ajhk+ ).
|hl<N/M k~N/M|jl<M

Angel V. Kumchev (Towson University) Exponential Sums Over Primes July 26-31, 2007 37157

Bounds for Weyl sums over primes

Theorem (Harman, 1981)
Letk=2,(a,q) =1, |Bl<q > Then

flalg+pB) < N"*(g '+ N2+ gN~")

Remarks. 1. This is non-trivial when N° < g< N*9.
2. The best possible bound is f(a) <« N2

3. This bound with k =4 is insufficient for the
application in Example 3.
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Bounds for Weyl sums over primes Bounds for Weyl sums over primes

Theorem (Baker & Harman, 1991) Theorem (Kawada & Wooley, 2001)
Letk=2,(a,q) =1, N<q< N Then Letk=3, (a,q) =1, g< N2, |B| < g "N~*2. Then
/q) < N'-oR+e ~1/@K) gL +e
f(a 67) f(a/q+ﬁ) « Nl—a(k)+s+ q - —,
where 0(2) =1 and o (k) = 5 x 27 for k= 3. (1+N¥BD
where 0(3) = 5; and o (k) = 3 x 27F for k= 4.

Note. Not applicable to the Waring—-Goldbach problem.

In applications to the Waring—Goldbach problem, we
have (essentially)

sup|f(a)| < N'7oW+e,

aem
Bounds for Weyl sums over primes Bounds for Weyl sums over primes
Theorem (Kumchev, 2006) Main source of improvement: fewer squarings.
)
Letk=3, (a,q)=1,g< NP, |6 < g 'NOP. Then In the classical method, one squares 2k — 2 times:
ot PRCLINET o
alg+ p) < N 770+ 4 ) ab,elamn
Jala+p) (1+ NF|BI)2 2.2 anbrelam’i]
where 0(3) = 4; and o (k) = 5 x 27 for k= 4. beerd

> Y Y binhye(ah - by nm")

m hy,..hg_1 B
l

. 2 2 delal g jeam)

hi,.hp_1 M jl,eji—1 M

Note. In this result, (k) is an exponent slightly larger
than k/2.
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Bounds for Weyl sums over primes

Main source of improvement: fewer squarings.

In the new method, one squares < k times:

YN apnbpe(am*n®)
|
Y bm, 1)y e(a(nf —ny)m").

ny,n2

J

gMﬁaﬁauJuD

More sophisticated calculation is required to handle
the ensuing estimate.
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Major arc approximation
Leta=alq+ B, |Bl<(gQ . Then

flay=Y "e(an*1q) Y  dogpe(bp")

1<h<q p=h(mod g)
1 ¥ _
=—— Y "e(ah’iq)Y (ogpe(Bp*) Y xrW)
DD 15524 P % (mod g)
1 _
=—— Y | Y xwe(ah1q)| Y dogpx(pre(Bp¥)
(P(q) x (mod g) L h=g p
1
1 S @aW(,p),  say.
T
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Observation

If 91 and m are defined with P= (log N)8, B= B(A4) >0
fixed, then all these bounds give

sup |f(a)| < N(logN) ™.

aem
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Major arc approximation

Remarks. 1. The major arc approximation arises from
the term y = yo. We expect all other terms to be small.

2. When g < (log N)4, this can be established using the
Siegel-Walfisz theorem.

3. When g < N?, we can use the large sieve to show that

Z |W(x,p)| is “small”.
X#Xo
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Bounds for Weyl sums over primes, 11

Theorem (Ren, 2005)
Letk=1,(a,q)=1,g=<N, |l < (qQ)~'. Then

fl@) < FL°(N¥ (@) ? + N*® + (N¥ (@))'"?),
where ¥ (a) = g+ N¥|qa — al, L=1ogN.

Note. When k=2 and P < N?/5, this yields a bound on
91 that is almost as strong as the GRH-bound.
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Bounds for Weyl sums over primes, 111

Theorem (Kumchev, 2006)

Letk=3,(a,q)=1,g=< NP |8 <g ‘NP Then
N1+£

(q+gN*I D>

where 0(3) = +; and o (k) = % x 27 for k= 4.

flalg+p) < N'7oW+e 4
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Bounds for Weyl sums over primes, 11

Theorem (Kumchev, 2006)
Letk=1,(a,q) =1, g<N, |B| < (gQ) . Then

f(a) < CIELC(N‘P(CK)_UZ+N11/20\I’(06)1/2),
where ¥ (a) = g+ N¥|qa — al, L=1ogN.

Note. This yields a GRH-strong bound when P < N%/2°,
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The major arcs revisited

Recall that if P = (log N)? in the definition of 91, we
have

f fla)fe(—an)da = S(n)I(n) = N,
m

We want to have the same with P= N?, § > 0.
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The major arcs revisited

Let P= N’ and P, = (log N)8. We define the “small”
major arcs,

mt(): U U m(PO;q)a)r

1=g<Py 1=a=q
(a,q)=1

and the “enlarged” major arcs,

m= U U ?mPqa.

1=g=<P l=a=q
(a,q)=1

Here
’ MX: @) [ a X a X
qa)=|————,—+——|.
qg qN* q qN
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The major arcs revisited

We have

ff(a)se(—a:n)da=(f +f)f(a)se(—an)da
m Mo Nn
z6(n)l(n)+0(f If(a)lsda),
N

so it suffices to show that

f If (@) da < N* *(logN) ™,
Nn
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The major arcs revisited

Then
M=IM\IN, = U U N(g, a),
1=g=<P l=a=q
(@q)=1
where
IM(P; g, a) if Bh<g=<P,
N(q, ) = q . 0=(q
MP;q, )\ M (Py;g,a) ifl<g<P.

Angel V. Kumchev (Towson University)
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The major arcs revisited

If @ € 91(g, a) and P < N¥2°~¢ we have

July 26-31, 2007

f(@)| < ¢ N(log N)°W (@) /%,

where ¥ (a) = g+ N*|qa — al. Hence,

f If (@)’ da < ¢ N*(log N)©
N(g.a)

Angel V. Kumchev (Towson University)

N(g,a)
s—k c
<< qu (logN) .
q(PO + q)slz—l

Exponential Sums Over Primes

¥(a)™?da
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The major arcs revisited The major arcs revisited

Summing over g, a, we derive Conclusion. If s =5, we can take P = N%20-¢ in the
definition of 9.
f f@Pda<) ) f(@))’ da
N g<Pl=a=qYN(qa)
¢ N**(log N)¢ 2. If s=3 or s=4, we can still take P= N%207¢, The
< q;n ; g 4P+ q)¥*! proof uses a more sophisticated version of the above
ek argument due to J.Y. Liu and T. Zhan.

Remarks. 1. In fact, we can take P= NV/27¢ when s> 5.

< Ns—k(logMcP(Z)—s/2+£
< N*¥(logN)™,

provided that s = 5.
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