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The Weyl sum over primes

Definition
For k ∈N and α ∈R, define

f (α) = ∑
N/2<p≤N

(logp)e(αpk).

Applications:

The distribution of αpk modulo one;

The Waring–Goldbach problem.
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Application: αpk modulo one

Question
Let α ∈R\Q and β ∈R. Are there infinitely many primes
p such that ∥∥αpk +β∥∥< p−σ ?

Answer
Yes, if σ<σ0(k).
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Application: αpk modulo one

Suppose that a/q ∈Q is such that

α= a

q
+ θ

q2
, |θ| < 1. (∗)

Put N = q2/(k+σ) and define

R(N) := ∑
p :(∗∗)

(logp),

where (∗∗) stands for the conditions

1
2N < p ≤ N ,

∥∥(a/q)pk +β∥∥< 1
2N−σ.
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Application: αpk modulo one

By Fourier analysis,

R(N) ≥ ∑
1
2 N<p≤N

(logp)
∑
l∈Z

b(l)e
((

(a/q)pk +β)
l
)

= b(0)f (0)+O
(
∆(N)+1

)
,

where

∆(N) = ∑
0<|l|≤L

|b(l)| ∣∣f (
al/q

)∣∣ ; L = Nσ+ε.
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Application: αpk modulo one

We have

b(0)f (0) ³ N1−σ, |b(l)|¿ 1

|l|+1
,

so
R(N) À N1−σ,

provided that

max
1≤|l|≤L

∣∣f (al/q)
∣∣¿ N1−σ−ε.
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Application: Waring–Goldbach problem

Question
Let k,s ∈N and s ≥ k+1. If n is a large integer satisfying
certain “local conditions”: Does the equation

pk
1 +pk

2 +·· ·+pk
s = n

have solutions in primes p1,p2, . . . ,ps?

Answer
Yes, if s ≥ s0(k).

Angel V. Kumchev (Towson University) Exponential Sums Over Primes July 26–31, 2007 7 / 57

Application: Waring–Goldbach problem

Question (cont.)
When s < s0(k), are there solutions for “most” n?
(Quantify “most”.)

Answer
Yes, if s ≥ 1

2s0(k).

We study the Waring–Goldbach problem via the circle
method with f (α) as the generating function.
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The circle method

Write
R(n) = ∑

pk
1+···+pk

s =n

(logp1) · · · (logps),

where the primes satisfy N/2 < pi ≤ N for some
N = C(k,s)n1/k. Then

R(n) =
∫ 1

0
f (α)se(−αn)dα.
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The circle method

Set

P = Nθ, Q = NkP−1, m= [0,1] \M,

M= ⋃
1≤q≤P

⋃
1≤a≤q
(a,q)=1

[a

q
− 1

qQ
,

a

q
+ 1

qQ

]
.

We have

R(n) =
(∫

M
+

∫
m

)
f (α)se(−αn)dα.
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The circle method: Major arcs

On M, we expect f (α) to be “large and predictable”: If
α= a/q+β, |β| < (qQ)−1, then

f (α) =∑
p

(logp)e
(
(a/q+β)pk)

= ∑∗

1≤h≤q

e
(
ahk/q

) ∑
p≡h (mod q)

(logp)e
(
βpk)

≈ ∑∗

1≤h≤q

e
(
ahk/q

)T(β)

φ(q)
=φ(q)−1S(q,a)T(β),

where

S(q,a) = ∑∗

1≤h≤q

e
(
ahk/q

)
, T(β) = ∑

N/2<m≤N

e
(
βmk).
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The circle method: Major arcs

Thus, ∫
M

f (α)se(−αn)dα

≈∑
q,a

∫ 1/(qQ)

−1/(qQ)

(
S(q,a)T(β)

φ(q)

)s

e
(− (a/q+β)n

)
dβ

≈S(n)I(n),

where I(n) ³ N s−k and S(n) ³ 1 whenever n satisfies the
“local conditions”.(

S(n) =
∞∑

q=1
φ(q)−s

q∑∗

a=1
S(q,a)se

(−an/q
))
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The circle method: Major arcs

The above procedure can be justified when

P = (logN)A for some fixed A > 0.

This follows from the following result:

Theorem (Siegel–Walfisz)
If A,B > 0 are fixed, 1 ≤ q ≤ (logN)A and (h,q) = 1, then

∑
p≤N

p≡h (mod q)

(logp) = N

φ(q)

(
1+O

(
(logN)−B))

.
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The circle method: Minor arcs

On m, we expect f (α) to be “small and random”—we
expect that ∫

m
f (α)se(−αn)dα= o(N s−k). (∗)

A typical proof of (∗): Find r1,r2 ∈N, s = 2r1 + r2, so that:

i)
∫ 1

0 |f (α)|2r1 dα¿ N2r1−k+δ;

ii) sup
α∈m

|f (α)|r2 ¿ N r2−δ−ε.
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The circle method: Minor arcs

Then ∫
m
|f (α)|s dα≤

(
sup
α∈m

|f (α)|r2

)∫ 1

0
|f (α)|2r1 dα

¿ N r2−δ−εN2r1−k+δ¿ N s−k−ε.
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Example 1: Sums of three primes

Let k = 1 and s = 3. Then:

i) with r1 = 1 and Nδ = logN :∫ 1

0
|f (α)|2 dα= ∑

p1,p2

(logp1)(logp2)
∫ 1

0
e(α(p1 −p2))dα

=∑
p

(logp)2 ¿ N logN .
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Example 1: Sums of three primes

Let k = 1 and s = 3. Then:

ii) with r2 = 1 and Nε = logN :
If α= a/q+β, |β| ≤ q−2, one has

f (α) ¿ N(logN)4 (
q−1 +N−2/5 +qN−1)1/2

,

whence

sup
α∈m

|f (α)|¿ N(logN)4 (
P−1/2 +N−1/5) .

Then take P ≥ (logN)12.

Angel V. Kumchev (Towson University) Exponential Sums Over Primes July 26–31, 2007 17 / 57

Example 1: Sums of three primes

The above bounds suffice to prove the three primes
theorem.

Theorem (I.M. Vinogradov, 1937)
Every sufficiently large odd integer n is the sum of three
primes.
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Example 2: Sums of squares of primes

Let k = 2. Then:

i) with r1 = 2 and Nδ = (logN)6:∫ 1

0
|f (α)|4 dα=∑

(∗)

(logp1) · · · (logp4),

where (∗) stands for the conditions

p2
1 +p2

3 = p2
2 +p2

4, N/2 < pi ≤ N . (∗)

Quadruples with p1 6= p2 contribute

≤ (logN)4
∑

1≤p1<p2≤N
τ
(
p2

2 −p2
1

)¿ N2(logN)6.
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Example 2: Sums of squares of primes

Let k = 2. Then:

ii) with r2 = 1 and Nε = (logN)A:
If α= a/q+β, |β| ≤ q−2, one has

f (α) ¿ N(logN)c (
q−1 +N−1/2 +qN−2)1/4

,

whence

sup
α∈m

|f (α)|¿ N(logN)c (
P−1/4 +N−1/8) .

Then take P ≥ (logN)B, where B = B(A,c).
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Example 2: Sums of squares of primes

The above bounds suffice to prove the following
theorem (k = 2,s = 5).

Theorem (L.K. Hua, 1938)
Every sufficiently large integer n ≡ 5 (mod 24) is the sum
of five squares of primes.

When s = 3 or 4, we can deal with the major arcs, but
not with the minor arcs.
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Example 2: Sums of squares of primes

However, when s = 3, Bessel’s inequality gives

∑
X<n≤2X

∣∣∣∣∫
m

f (α)3e(−αn)dα

∣∣∣∣2

≤
∫
m
|f (α)|6 dα

≤
(

sup
α∈m

|f (α)|2
)∫ 1

0
|f (α)|4 dα

¿ N2(logN)−2A−7N2(logN)6

¿ N4(logN)−2A−1.

Angel V. Kumchev (Towson University) Exponential Sums Over Primes July 26–31, 2007 22 / 57

Example 2: Sums of squares of primes

On the other hand, if n ≡ 3 (mod 24), 5 - n, we have∫
M

f (α)3e(−αn)dαÀ (n/logn)1/2.

Thus, if such an n is not the sum of three squares of
primes, we deduce that∣∣∣∣∫

m
f (α)3e(−αn)dα

∣∣∣∣2

À n(logn)−1.
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Example 2: Sums of squares of primes

Let E(X) denote the number of integers n, X < n ≤ 2X ,
such that n ≡ 3 (mod 24), 5 - n, and which are not the
sum of three squares of primes. We get

E(X) ¿ X−1 logX
∑

X<n≤2X

∣∣∣∣∫
m

f (α)3e(−αn)dα

∣∣∣∣2

¿ X−1(logX)N4(logN)−2A−1 ¿ X(logX)−2A.

In other words, “almost all” admissible integers n ≤ X
can be represented as sums of three squares of primes.
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Example 2: Sums of squares of primes

Remarks. 1. If P = Nθ for some fixed θ > 0, the above
method gives

E(X) ¿ X 1−γ+ε, γ= min
(

1
8 , θ4

)
. (E3)

2. The same technique can be applied to four squares.
When s = 4 and P = Nθ, we obtain

E(X) ¿ X 1−2γ+ε. (E4)

3. When s = 4, an alternative method of Wooley gives

E(X) ¿ X 1/2−γ+ε.
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Example 3: Biquadrates of primes

Let k = 4 and s = 14. We modify the method slightly.
Consider

p4
1 +p4

2 +·· ·+p4
14 = n,

where

p1, . . . ,p4 ∼ N1, p5,p6 ∼ N2, p7,p8 ∼ N3,

p9,p10 ∼ N4, p11, . . . ,p14 ∼ N5,

where N1 ≥ N2 ≥ ·· · ≥ N5 are “appropriately chosen” and
N1 ³ n1/4.
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Example 3: Biquadrates of primes

The major arcs yield a main term of order

Ξ= (N2N3N4)2N4
5 .

On the minor arcs, we have to deal with∫
m

∣∣f2(α)f3(α)f4(α)
∣∣2∣∣f1(α)f5(α)

∣∣4
dα,

where
fi(α) = ∑

Ni/2<p≤Ni

(logp)e
(
αp4).
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Example 3: Biquadrates of primes

i) It can be shown that∫ 1

0

∣∣f1(α)f2(α)f3(α)f4(α)
∣∣2∣∣f5(α)

∣∣4
dα¿ΞN−2+0.0584.

ii) It can be shown that if P = N1/4, then

sup
α∈m

|f1(α)|¿ N31/32+ε.
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Example 3: Biquadrates of primes

Then, assuming P = N1/4, we get∫
m

∣∣f2f3f4

∣∣2∣∣f1f5

∣∣4 ≤ (
sup

m
|f1|

)2
∫ 1

0

∣∣f1f2f3f4

∣∣2∣∣f5

∣∣4

¿ N31/16+ε×ΞN−2+0.0584

¿ΞN0.0584−1/16+ε¿ΞN−0.004.

This solves the Waring–Goldbach problem for 14 fourth
powers of primes.

Remark. In this application, the method fails if the
exponent 31/32 in ii) is replaced by 34/35!
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Summary: αpk modulo one

We need an estimate

|f (al/q)|¿ N1−σ−ε, (∗)

where a, l,q ∈N, (a,q) = 1, and l is “small”.

Notes. 1. We started with a large q and then chose N in
terms of q: q is close to Nk/2.

2. We have f with a rational argument.

3. The quality of the bound (σ in (∗)) is crucial.
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Summary: Waring–Goldbach problem

We need three types of estimates on f (α):

A) Major arc approximations;

B) Upper bounds on the minor arcs;

C) Moment estimates.

Notes. 1. The value of N is determined by n.

2. We have f with a real argument α≈ a/q. However,
we cannot control q: between A) and B), we must cover
all values of q ≤ Q (Q close to Nk).

3. The quality of the bound may be crucial.
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End of Part I
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Classical Weyl sums

Definition
For k ∈N and α ∈R, define

g(α) = g(α;N) = ∑
m∼N

e(αmk).

Note. When k = 1, this is a geometric series, so∑
m∼N

e(αm) ¿ min
(
N ,‖α‖−1).

We reduce the general case to this special case.
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Classical Weyl sums

Let k = 2. Then

|g(α)|2 = ∑
m1,m2

e
(
α(m2

1 −m2
2)

)= ∑
|h|<N

∑
m

e
(
αh(2m+h)

)
≤ ∑

|h|<N

∣∣∣∑
m

e
(
2αhm

)∣∣∣¿ ∑
|h|<N

min
(
N ,‖2αh‖−1)

¿ N2+ε(q−1 +N−1 +qN−2),

provided that α= a/q+β, |β| ≤ q−2.

Angel V. Kumchev (Towson University) Exponential Sums Over Primes July 26–31, 2007 33 / 57

Classical Weyl sums

The above technique can be generalized to any k ≥ 2.

Theorem (Weyl)
If k ≥ 2, α= a/q+β, (a,q) = 1, |β| ≤ q−2, then

g(α) ¿ N1+ε(q−1 +N−1 +qN−k)21−k

.

Remarks. 1. The exponent 21−k is the result of k−1
squarings, which transform mk to a linear polynomial.

2. I.M. Vinogradov’s method replaces the exponent 21−k

by C(k2 logk)−1.
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Vinogradov’s double sum method

I.M. Vinogradov discovered that the sum
∑

p F(p) can be
decomposed into a linear combination of double sums
of the form ∑

m∼M

∑
k

ξmηkF(mk).

We distinguish two basic types of double sums:

Type I sums: |ξm| ≤ 1, ηk = 1, M not too large;

Type II sums: |ξm| ≤ 1, |ηk| ≤ 1, M of moderate size.
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Vinogradov’s double sum method

Consider a Type II sum for f (α) with k = 2:

Σ= ∑
m∼M

∑
k∼N/m

ξmηke
(
αm2k2).

By Cauchy’s inequality,

|Σ|2 ≤ M
∑

m∼M

∣∣∣ ∑
k∼N/m

ηke
(
αm2k2)∣∣∣2

= M
∑

m∼M

∑
k1,k2

ηk1ηk2
e
(
α(k2

1 −k2
2)m2)

¿ M
∑

|h|<N/M

∑
k∼N/M

∣∣∣∑
m

e
(
αh(2k+h)m2)︸ ︷︷ ︸

g(αh(2k+h);M)

∣∣∣.
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Vinogradov’s double sum method

Recall that

|g(α;N)|2 ¿ ∑
|j|<N

min
(
N ,‖2αj‖−1).

This bound and Cauchy’s inequality yield

|Σ|4 ¿ M2
∑

|h|<N/M

∑
k∼N/M

∣∣g(αh(2k+h);M)
∣∣2

¿ M2
∑

|h|<N/M

∑
k∼N/M

∑
|j|<M

min
(
M ,‖2αjh(2k+h)‖−1).
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Bounds for Weyl sums over primes

Theorem (Harman, 1981)
Let k ≥ 2, (a,q) = 1, |β| ≤ q−2. Then

f (a/q+β) ¿ N1+ε(q−1 +N−1/2 +qN−k)41−k

.

Theorem (Vinogradov, 1937; Vaughan, 1977)
Let k = 1, (a,q) = 1, |β| ≤ q−2. Then

f (a/q+β) ¿ N(logN)4(q−1 +N−2/5 +qN−1)1/2
.
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Bounds for Weyl sums over primes

Theorem (Harman, 1981)
Let k ≥ 2, (a,q) = 1, |β| ≤ q−2. Then

f (a/q+β) ¿ N1+ε(q−1 +N−1/2 +qN−k)41−k

.

Remarks. 1. This is non-trivial when Nδ ≤ q ≤ Nk−δ.

2. The best possible bound is f (α) ¿ N1−21−2k+ε.

3. This bound with k = 4 is insufficient for the
application in Example 3.
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Bounds for Weyl sums over primes

Theorem (Baker & Harman, 1991)
Let k ≥ 2, (a,q) = 1, N ≤ q ≤ Nk−1. Then

f (a/q) ¿ N1−σ(k)+ε,

where σ(2) = 1
7 and σ(k) = 2

3 ×2−k for k ≥ 3.

Note. Not applicable to the Waring–Goldbach problem.
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Bounds for Weyl sums over primes

Theorem (Kawada & Wooley, 2001)
Let k ≥ 3, (a,q) = 1, q ≤ Nk/2, |β| ≤ q−1N−k/2. Then

f (a/q+β) ¿ N1−σ(k)+ε+ q−1/(2k)N1+ε

(1+Nk|β|)1/2
,

where σ(3) = 1
24 and σ(k) = 1

2 ×2−k for k ≥ 4.

In applications to the Waring–Goldbach problem, we
have (essentially)

sup
α∈m

|f (α)|¿ N1−σ(k)+ε.
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Bounds for Weyl sums over primes

Theorem (Kumchev, 2006)
Let k ≥ 3, (a,q) = 1, q ≤ Nθ(k), |β| ≤ q−1N−θ(k). Then

f (a/q+β) ¿ N1−σ(k)+ε+ q−1/(2k)N1+ε

(1+Nk|β|)1/2
,

where σ(3) = 1
14 and σ(k) = 2

3 ×2−k for k ≥ 4.

Note. In this result, θ(k) is an exponent slightly larger
than k/2.
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Bounds for Weyl sums over primes

Main source of improvement: fewer squarings.

In the classical method, one squares 2k−2 times:∑
m

∑
n

ambne
(
αmknk)

↓ · · · ↓∑
m

∑
h1,...hk−1

∑
n

b(n,h)e
(
αh1 · · ·hk−1nmk)

↓ · · · ↓∑
h1,...hk−1

∑
n

∑
j1,...jk−1

∑
m

e
(
αh1 · · ·hk−1nj1 · · · jk−1m

)
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Bounds for Weyl sums over primes

Main source of improvement: fewer squarings.

In the new method, one squares ≤ k times:∑
m

∑
n

ambne
(
αmknk)

↓∑
n1,n2

b(n1,n2)
∑
m

e
(
α(nk

1 −nk
2)mk)︸ ︷︷ ︸

g(M ;αP(n1,n2))

.

More sophisticated calculation is required to handle
the ensuing estimate.
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Observation

If M and m are defined with P = (logN)B, B = B(A) > 0
fixed, then all these bounds give

sup
α∈m

|f (α)|¿ N(logN)−A.
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Major arc approximation

Let α= a/q+β, |β| < (qQ)−1. Then

f (α) = ∑∗

1≤h≤q

e
(
ahk/q

) ∑
p≡h (mod q)

(logp)e
(
βpk)

= 1

φ(q)

∑∗

1≤h≤q

e
(
ahk/q

)∑
p

(logp)e
(
βpk) ∑

χ (mod q)

χ(p)χ(h)

= 1

φ(q)

∑
χ (mod q)

[ ∑
h≤q

χ(h)e
(
ahk/q

)]∑
p

(logp)χ(p)e
(
βpk)

= 1

φ(q)

∑
χ (mod q)

Sχ(q,a)W (χ,β), say.
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Major arc approximation

Remarks. 1. The major arc approximation arises from
the term χ=χ0. We expect all other terms to be small.

2. When q ≤ (logN)A, this can be established using the
Siegel–Walfisz theorem.

3. When q ≤ Nθ, we can use the large sieve to show that∑
χ 6=χ0

|W (χ,β)| is “small”.
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Bounds for Weyl sums over primes, II

Theorem (Ren, 2005)
Let k ≥ 1, (a,q) = 1, q ≤ N, |β| ≤ (qQ)−1. Then

f (α) ¿ qεLc(NΨ(α)−1/2 +N4/5 + (NΨ(α))1/2),

where Ψ(α) = q+Nk|qα−a|, L = logN.

Note. When k ≥ 2 and P ≤ N2/5, this yields a bound on
M that is almost as strong as the GRH-bound.
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Bounds for Weyl sums over primes, II

Theorem (Kumchev, 2006)
Let k ≥ 1, (a,q) = 1, q ≤ N, |β| ≤ (qQ)−1. Then

f (α) ¿ qεLc(NΨ(α)−1/2 +N11/20Ψ(α)1/2),

where Ψ(α) = q+Nk|qα−a|, L = logN.

Note. This yields a GRH-strong bound when P ≤ N9/20.
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Bounds for Weyl sums over primes, III

Theorem (Kumchev, 2006)
Let k ≥ 3, (a,q) = 1, q ≤ Nθ(k), |β| ≤ q−1N−θ(k). Then

f (a/q+β) ¿ N1−σ(k)+ε+ N1+ε

(q+qNk|β|)1/2
,

where σ(3) = 1
14 and σ(k) = 2

3 ×2−k for k ≥ 4.
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The major arcs revisited

Recall that if P = (logN)B in the definition of M, we
have ∫

M
f (α)se(−αn)dα≈S(n)I(n) ³ N s−k.

We want to have the same with P = Nθ, θ > 0.
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The major arcs revisited

Let P = Nθ and P0 = (logN)B. We define the “small”
major arcs,

M0 =
⋃

1≤q≤P0

⋃
1≤a≤q
(a,q)=1

M(P0;q,a),

and the “enlarged” major arcs,

M= ⋃
1≤q≤P

⋃
1≤a≤q
(a,q)=1

M(P;q,a).

Here,
M(X ;q,a) =

[a

q
− X

qNk
,

a

q
+ X

qNk

]
.
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The major arcs revisited

Then
N=M\M0 =

⋃
1≤q≤P

⋃
1≤a≤q
(a,q)=1

N(q,a),

where

N(q,a) =
{
M(P;q,a) if P0 ≤ q ≤ P,

M(P;q,a) \M(P0;q,a) if 1 ≤ q ≤ P0.
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The major arcs revisited

We have∫
M

f (α)se(−αn)dα=
(∫

M0

+
∫
N

)
f (α)se(−αn)dα

≈S(n)I(n)+O
(∫

N
|f (α)|s dα

)
,

so it suffices to show that∫
N
|f (α)|s dα¿ N s−k(logN)−A.
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The major arcs revisited

If α ∈N(q,a) and P ≤ N9/20−ε, we have

|f (α)|¿ qεN(logN)cΨ(α)−1/2,

where Ψ(α) = q+Nk|qα−a|. Hence,∫
N(q,a)

|f (α)|s dα¿ qεN s(logN)c
∫
N(q,a)

Ψ(α)−s/2 dα

¿ qεN s−k(logN)c

q(P0 +q)s/2−1
.
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The major arcs revisited

Summing over q,a, we derive∫
N
|f (α)|s dα≤ ∑

q≤P

∑
1≤a≤q

∫
N(q,a)

|f (α)|s dα

¿ ∑
q≤P

∑
1≤a≤q

qεN s−k(logN)c

q(P0 +q)s/2−1

¿ N s−k(logN)cP2−s/2+ε
0

¿ N s−k(logN)−A,

provided that s ≥ 5.
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The major arcs revisited

Conclusion. If s ≥ 5, we can take P = N9/20−ε in the
definition of M.

Remarks. 1. In fact, we can take P = N1/2−ε when s ≥ 5.

2. If s = 3 or s = 4, we can still take P = N9/20−ε. The
proof uses a more sophisticated version of the above
argument due to J.Y. Liu and T. Zhan.
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